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Wavelength conversion in modulated coupled-resonator
systems and their design
via an equivalent linear filter representation
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We propose wavelength converters based on modulated coupled resonators that achieve conversion by
matching the modulation frequency to the frequency splitting of the supermodes of the unmodulated system.
Using temporal coupled-mode theory, we show that these time-variant systems have an equivalent linear,
time-invariant filter representation that simplifies the optimal engineering of design parameters for realistic
systems. Applying our model to carrier plasma-dispersion modulators as an example implementation, we
calculate conversion efficiencies between −5.4 and −1.7 dB for intrinsic quality factors of 104 –106 . We show
that the ratio of the resonance shift to the total linewidth is the most important parameter when determining
conversion efficiency. Finally, we discuss how this model can be used to design devices such as frequency
shifters, widely tunable radio frequency oscillators, and frequency combs. © 2014 Optical Society of
America
OCIS codes: (130.7405) Wavelength conversion devices; (130.3990) Micro-optical devices.
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Coupled microring resonators were first applied to highorder bandpass filter design [1] and slow-light propagation [2], but have recently given rise to an increasingly
wide range of novel device concepts including advanced
filter configurations [3], novel laser concepts [4], robust
optical delay lines using analogies to topological insulators [5], and nonlinear classical and quantum light
generation [6,7]. Active microrings have been primarily
employed for efficient modulation [8,9]. Active microrings that resonantly enhance modulation-induced sideband generation have been shown to slightly increase
the maximum modulation rate compared to the photon
lifetime-limited modulation rate [10,11]. In [10], adjacent
order resonances are used to enhance the sideband generation efficiency, but this results in a very large cavity
because the free spectral range must be small enough to
match the radio-frequency (RF) drive frequency. The
large cavity size limits both the integration and switching energy efficiency. In [11], coupled-cavity systems are
claimed to extend the photon lifetime limited modulation rate with a smaller footprint as compared to [10].
Previous research in wavelength conversion has been
focused on traveling-wave modulated waveguides [12]
and conversion through nonlinear processes, both resonant and non-resonant [13,14]. However, resonant,
modulated systems have not been investigated as wavelength converters.
In this report, we investigate the simplest coupledcavity systems enabling single- and dual-sideband generation and analyze their performance as wavelength
converters. We show that a coupling of modes in time
(CMT) model [15] for coupled, modulated resonators
(a time-variant linear system) can be mapped to an equivalent linear, time-invariant (LTI) filter, which enables
straightforward design and calculation of wavelength
conversion bandwidth and efficiency.
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The CMT equations for two coupled, lossless
resonators with resonance frequencies modulated antisymmetrically are given by
d
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where the two resonators have energy amplitudes a1 and
a2 and are nominally resonant at ωo , δωm is the range of
resonance frequency shift in each ring due to phase
modulation, ωm is the RF modulation speed of the phase
modulators, and μ is the coupling between resonators.
The unmodulated (δωm  0) normalized supermodes
of the coupled ring system in Eq. (1) are
1
b1  p a1  a2 ;
2
−1
b2  p a1 − a2 ;
2
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ω2  ωo  μ;

(2)

where b1 (b2 ) is the energy amplitude of the symmetric
(antisymmetric) supermode with resonance frequency
ω1 (ω2 ). To simplify the model, we first solve for a1 ,
a2 in terms of b1 , b2 and substitute into Eq. (1) to find
the dynamics for the supermode amplitudes:
d ⃗
⃗
b  jω̄¯ · b⃗  j μ̄¯ · b;
dt
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This shows that modulating the rings in anti-phase results in coupling of the supermode resonances. A clearer
picture is obtained by recasting the system in terms of
supermode envelopes. By substituting b1  B1 ejωo −μt
and b2  B2 ejωo μt (i.e., factoring out the center frequency of b1 and b2 ), we arrive at the evolution equations
for the complex envelope amplitudes, B1 and B2 . To further simplify the envelope amplitude equations, each
cosωm t coupling term is expanded into two exponential
terms with arguments ∝ ωm  2μt. Since the envelope
amplitudes are centered around zero frequency, we keep
only terms that can achieve phase matching, ejωm −2μt , a
temporal version of a similar spatial coupling approximation used for gratings [16]. The envelope amplitude equations are now
d
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By setting ωm  2μ for optimal conversion efficiency
(i.e., the modulation rate equal to the frequency splitting
between the symmetric and anti-symmetric supermode),
the equations reduce to the same equations as derived for
the envelope amplitudes of a static, 2-ring coupled resonator add-drop filter [1], where the modulation strength
δωm serves the role of “ring-to-ring” coupling strength.
Thus far, we have investigated conversion of energy
from one resonant mode to another in a closed system.
We now add ports (and loss) and consider the conversion
of a wavelength incident in one port to another wavelength exiting a different port to find the transfer functions
which give the efficiency of wavelength conversion.
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be properly designed to achieve different coupling
to each supermode. In the simplest case, as shown in
Fig. 1(a), r 1  r 2 . The input and output ports have
power-normalized envelope amplitudes S⃗  and S⃗ − . Note
that, since amplitudes B1 and B2 are at two different
wavelengths, port 1 envelope amplitudes are defined
around ω1 center frequency while port 2 is around ω2 .
To calculate the wavelength conversion efficiency of interest, we set S 2  0 and send light only into S 1 . To find
the steady-state solutions, we let d∕dt → jΔω where Δω is
both the detuning of the input wave, S 1 , from the center
frequency of b1 and the detuning of the output wave, S −2 ,
from the center frequency of b2 . Solving for jS 21 j2 and setting r 1  r 2 ≡ r for simplicity, the “drop” port, which gives
the conversion efficiency from port 1 at frequency ωo − μ
to port 2 at frequency ωo  μ, gives
1
r 2 δω2m
 2
i
.
jS 21 j2  h
4 r  r 2  δωm − Δω2 2  4Δω2 r  r 2
o
o
4
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where
B⃗ 

Fig. 1. (a) Physical implementation showing two coupled
rings that are modulated anti-symmetrically. (b) Abstract representation of wavelength conversion where b1 and b2 are the
supermode amplitudes of the unmodulated a1 , a2 system.
(c) Conceptual figure showing conversion from ω1 to ω2 . Since
the supermode system only supports two resonances, the lower
generated sideband is unused. (d) jS 21 j2 . Maximally flat (left),
Chebyshev (middle), and optimal design with loss (right).
Center frequencies are offset for clarity.


:

The decay rates, r 1 and r 2 , are decay rates from the
symmetric and anti-symmetric supermodes to ports 1
and 2. The losses are represented by the decay rate r o .
If r 1 and r 2 need to be different, the input coupling must

The lossless case is given when r o  0. Standard filter
synthesis for coupled resonators [1] can now be used that
gives the relationship between the ring-bus couplings
(decay rates), r 1;2 , and the modulation strength, δωm .
For a maximally flat Butterworth filter, r 1  r 2 
δωm ∕4 [Fig. 1(d), left]. For a given ripple, a Chebyshev
design can be achieved by setting r 1  r 2 < δωm ∕4,
[Fig. 1(d), middle]. If δωm ∕4 is close to 2r o (i.e., the modulation frequency shift is on the same order as the intrinsic
linewidth), the optimal solution for conversion efficiency
at Δω  0 is found by maximizing Eq. (7), after
normalizing
to 2r o , which results in r 1  r 2 
p
2
δωm  4∕4. For δωm ≫ 2r o , this term converges to
the case for the Butterworth filter. The optimal solution
results in a design where r 1  r 2 > δωm ∕4. This case
is shown in the right plot of Fig. 1(d). Equation (7)
can be normalized to the intrinsic linewidth, 2r o , such
that all variables are scaled by the losses that the cavity
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experiences. This reveals that δωm ∕2r o , the ratio of the
achievable resonance shift and the intrinsic linewidth,
is one key figure of merit of this design problem. We
can calculate the maximum conversion efficiency as a
function of δωm ∕2r o by setting r 1;2 equal to their optimal
values as previously discussed. The blue trace in Fig. 2
shows the conversion efficiency for the two-resonator
case. Three points are marked on the plot that are relevant for silicon-based, carrier plasma-dispersion effect
modulators discussed later. The key conclusion is that
a large resonance shift with respect to the intrinsic linewidth is needed for good conversion efficiencies.
The same analysis can be performed for three coupled
resonators to explore possible conversion efficiency improvements due to dual sideband conversion. A physical
model of three coupled rings is shown in Fig. 3(a). For
simplicity, the input coupling is not shown as it requires
more complex excitation of the supermodes [6] as compared to the two resonator case. The supermode with resonance frequency ωo has energy in the outer rings, a1 and
a3 . Thus, the outer rings are modulated antisymmetrically,
and energy can be transferred to the lower and upper
frequency supermodes. Following the same analysis
presented for the two resonator case, we arrive at the
equivalent conceptual linear filter model as shown in
Fig. 3(b). In this case, we have a choice of how to achieve
conversion between the supermodes. If we couple into B1
and convert to B3 , this is a multi-step conversion process
through B2 , as shown in Fig. 3(c), which results in lower
conversion efficiency as shown in the green trace in Fig. 2.
Alternatively, we can couple into B2 , which results in a
single-step conversion process to both B1 and B3 . This
conversion results in the same efficiency as the two resonator case as shown by the yellow trace in Fig. 2. jS 12 j2
and jS 32 j2 for the 3-ring structure (yellow trace) are 3 dB
below jS 21 j2 for the 2-ring structure (blue trace) due to the
output power being split between two waves. Since there
is no increase in conversion efficiency when using the
three resonator implementation and there is significant
complexity added, the two-resonator system is the more
appealing implementation.
To estimate the conversion efficiency in realistic systems, we consider carrier plasma-dispersion effect modulators that are widely used in silicon photonics (e.g., [17]).

Fig. 3. (a) Three coupled rings with the outer rings modulated
antisymmetrically. (b) Abstract representation of wavelength conversion where b1 , b2 , and b3 are the supermode amplitudes of the
unmodulated a1 , a2 , a3 system. (c) Conceptual figure showing
conversion between the three supermode resonances. To match
the conversion efficiency of the two ring case, light is sent in to the
ω2 resonance (green) and ω1 (red) and ω3 (blue) are generated.

With this type of modulator, there is a trade-off between
the achievable resonance shift and the broadening of the
intrinsic linewidth due to the losses introduced by the implants. The ratio of the resonance shift and the intrinsic
linewidth is the most important parameter in determining
conversion efficiency as previously discussed and shown
in Fig. 2. We can derive a simplified model of carrier
plasma-dispersion modulators to predict the maximum
conversion efficiencies achievable with a given passive intrinsic quality factor and varying the p and n type implant
concentrations. To calculate the resonance shift, we assume a plane-wave mode profile, and we set the carrier
permittivity perturbation, δϵ, to be 1∕2δϵp  δϵn , with
the 1∕2 factor coming from an assumed symmetric p-n
junction. With these simplifications, we arrive at
δω
1 δϵp  δϵn
:
−
ϵ
ωo
4

(8)

By introducing the quality factor, ωo ∕δω3 dB , and
converting to a perturbation in refractive index,
Eq. (8) can be converted to
δf
1
 − δnp N a   δnn N d QN a ; N d ; Qo ;
δf 3 dB
2n

Fig. 2. Wavelength conversion efficiency as a function of
modulation strength normalized to intrinsic bandwidth.
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(9)

where δf and δf 3 dB are the resonance frequency shift and
the 3 dB linewidth, respectively, n is the unperturbed real
refractive index, δnp N a  (δnn N d ) is the real perturbation of the refractive index due to acceptor (donor) concentration N a (N d ), and the total quality factor is given
−1
by QN a ; N d ; Qo   Qp N a −1  Qn N d −1 ∕2  Q−1
o  .
Qp N a  and Qn N d  are quality factors due to absorption
from the implants, and Qo is the intrinsic (passive, undoped) quality factor of the resonator. Using experimental
fits for δnN a;d  and δαN a;d  from [18] and converting the
absorption, α, to quality factors Qp N a  and Qn N d ,
curves for the achievable resonance shift normalized to
the intrinsic linewidth are generated using Eq. (9) and
shown in Fig. 4(b)–4(d). The combination of Figs. 2 and
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4(b)–4(d) gives the estimation of conversion efficiency for
plasma-dispersion effect resonant modulators in silicon.
In generating Fig. 4(b)–4(d), we assumed the cavity is
fully depleted as shown in Fig. 4(a). However, for large
implant concentrations (>1019 cm−3 ) and large asymmetry in N a and N d , the applied voltage required to fully
deplete the cavity becomes unrealistic for some applications. Thus, the particular constraints in a given design
must be considered jointly with Fig. 4(b)–4(d). The
maximum normalized frequency shift ranges from
δf ∕δf 3 dB  3 to 10 in Fig. 4. This maps directly to the
x axis in Fig. 2 and corresponds to conversion efficiencies
between −5.4 and −1.7 dB, which is an upper-limit for resonators with intrinsic quality factors ranging from 104 to
106 . For example, using Eq. (7) with optimal values for r
and setting r o  0, incoming light carrying amplitudemodulated data can be frequency shifted by 100 GHz with
a 132 GHz 3 dB conversion bandwidth (i.e., the center frequency can shift by 100 GHz while supporting datarates
up to ≈190 Gbps) assuming a 1-V swing, and the modulator has similar performance as shown in [9]. The conversion bandwidth improves with a larger voltage swing;
thus, the electrical circuit design is a critical aspect of
the overall performance. Assuming Qo  105 , Fig. 2 shows
the conversion efficiency is close to −3 dB. Some practical considerations must be addressed in the design of a
real device including two photon absorption (TPA) and
thermal instability. TPA ultimately limits the input optical
power. Closed-loop feedback circuitry [19], which thermally locks the resonators to the incoming light, is a
promising way to mitigate thermal instability.
The proposed concept, validated by predicted conversion efficiencies ranging from −5.4 to −1.7 dB, is suitable

Fig. 4. (a) Simplified model for carrier-plasma modulator
calculations. In the approximations used, the cavity goes from
a negligibly small depletion width (top) to fully depleted
(middle), which introduces a complex perturbation to the
refractive index (bottom). Calculated resonance shift normalized to the total 3-dB linewidth for intrinsic quality factors
(b) Qo  104 (c) Qo  105 (d) Qo  106 .

for many applications including novel types of optoelectronic RF oscillators built around this device, and
frequency shifters. Higher efficiencies would be necessary for applications like comb generation. For such applications, electro-optic (Pockel’s effect) modulators
may be suitable which do not intrinsically couple the real
and imaginary parts of the perturbed permittivity (e.g.,
based on strain-induced χ 2 or electro-optic polymers).
Designs based on the presented model can be readily
implemented in fully integrated platforms [8,20] where
the tight integration with electronics makes the antisymmetric modulation trivial, and taking advantage of integrated photodiodes and fast transistors allows for
applications requiring closed-loop feedback. More generally, this work shows that some time-variant systems can
be reformulated to take advantage of the decades of
advances in synthesis techniques for LTI systems.
This work was supported by an NSF GRFP award.
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